Abstract. The irreducible spin character values of the wreath products of the hyperoctahedral groups with an arbitrary finite group are determined.
Introduction
Irreducible spin characters of the symmetric group S n were studied by Schur [15] as one of the important examples in representation theory. Schur derived a Frobenius-type formula for nontrivial spin character values in terms of Schur's Q-functions, and he further showed that the exceptional character values only occurred on conjugacy classes indexed by special odd strict partitions with the help of his twisted tensor product. After Schur's classic paper there have been quite a number of works devoted to the spin groups and in particular, hyperoctahedral spin groups and their generalizations. Morris gave an alternative description of the twisted tensor product [10] and derived an iterative formula for Schur's Q-functions. Later Morris also studied double covering groups of Weyl groups following Schur's theory [11] . Sergeev [14] showed that representation theory of the twisted hyperoctahedral group H n is similar to that of S n (cf. [13, 8] ), and proved that Schur's Q-functions also served as generating functions for some irreducible spin supercharacters of hyperoctahedral groups. Finally Yamaguchi [17] clarified this relationship and established an equivalence between the twisted group algebra of the symmetric group and the queer Lie superalgebra.
For the wreath product Γ n = Γ ≀ S n of a finite group Γ by the spin symmetric group S n , most part of the spin character table was determined by Frenkel, Wang and the second author using the vertex operator calculus [5] . The remaining part was completed by the authors [2, 3] using Clifford algebras. In 2002, Wang and the second author [5] generalized the method to study the wreath product HΓ n of the spin hyperoctahedral group H n by a finite group Γ. The irreducible spin characters of HΓ n are determined by pairs of the strict partition valued functions on Γ * and the spin character values at the even conjugacy classes are provided by vertex operators. However, the spin character values at odd strict partition valued functions are unknown.
This paper aims to give the complete spin character table of the wreath product HΓ n , which include projective characters of various Weyl groups and their wreath products. Part of the motivation is to extend the previous type A theory to type B or D. The following table shows the situation with the new case.
Spin chars
Conj. classes ρ ∈ OP n (Γ * ) ρ ∈ SP 1 n (Γ * )
ν ∈ SP n (Γ * ) l(ν) even vertex operators 0 χ ν ν ∈ SP n (Γ * ) l(ν) odd vertex operators ? The spin characters computable by vertex operators are actually character values that come from certain supermodules of the wreath products of hyperoctahedral groups. It turns out that the characters values at conjugacy classes indexed by partition-valued functions with odd integer parts are the only non-zero values for certain modules, which then give the first part shown in the table.
Our method to uncover the other spin character values is a detailed analysis of the difference characters for the ordinary modules and also how they are related with the characters of the supermodules. We generalize Józefiak's supermodule approach [6, 8] to study spin representations of HΓ n and compute the associate spin characters at the odd strict conjugacy classes. While we take the advantage of the similarity between the representation theories of the wreath products and their hyperoctahedral counterparts, we also need to single out the difference in order to determine the nontrivial spin character values of the latter groups. Moreover, there is also another point we would like to point out for hyperoctahedral wreath products. Previous work has been emphasizing their representations as a super theory, however in the current situation one needs to disengage the super theory to get their ordinary counterpart.
The spin hyperoctahedral groups
Let S n be the symmetric group on n letters. The hyperoctahedral group H n := Z 2 ≀ S n is generated by transpositions s i = (i, i + 1) (1 ≤ i ≤ n − 1) and involutions b j (1 ≤ j ≤ n) with the relations
It is known that H n has eight 2-cocycles {[α 1 , α 2 , α 3 ]|α 2 1 = α 2 2 = α 2 3 = 1} [16] . For a fixed 2-cocycle α = [α 1 , α 2 , α 3 ], the corresponding representation group H α n is generated by t i (1 ≤ i ≤ n − 1) and a j (1 ≤ j ≤ n) with the following relations:
where α 1 , α 2 , α 3 belong to the center and α 2 i = 1. There is a homomorphism θ α n from H α n to H n by sending t i to s i (i = 1, · · · , n − 1), a j to b j (j = 1, · · · , n) and α 1 , α 2 , α 3 to 1. In this article we only consider the twisted hyperoctahedral group H n defined by the factor set [1, 1, α 3 ] where α 2 3 = 1, therefore H n is a semidirect product of S n = t j and the extraspecial 2-group generated by a i subject to the relations (2.4), where t i is identified with s i . Obviously, H n is a central extension of
The group H n is Z 2 -graded with the parity defined by p(a i ) = 1 and p(t i ) = p(α 3 ) = 0. With this parity the group algebra C( H n ) becomes a superalgebra.
The spin symmetric group S n is the finite group generated by t i (1 ≤ i ≤ n − 1) and the central element α 1 with the relations in (2.2). For each n > 1, let A n denote the algebra generated by ς i (1 ≤ i ≤ k − 1) and satisfy the following relations:
The algebra A n is also a superalgebra under the parity that d(ς i ) = 1 (1 ≤ i ≤ n − 1). In fact A n is isomorphic (as a superalgebra) to the twisted group algebra
For n > 1, let B n be the algebra generated by ω i (0 ≤ i ≤ n − 1) satisfying
The algebra B n is the group algebra of a double covering group of a Coxeter group and also a superalgebra by defining d(ω 0 ) = 1 and d(ω i ) = 0 for all
Let C n be the Clifford (super)algebra generated by ξ i (i = 1, · · · , n) subject to the relations
Here all ξ i are odd elements. Let C n⊗ A n denote the super tensor product of the superalgebras C n and A n . It is proved in [17] that the super tensor product C n⊗ A n ≃ B n as superalgebras under the map ϑ:
where τ i are defined above.
Conjugacy classes of wreath products
For a finite group Γ, set Γ n = Γ × · · · × Γ, the n-th direct product of Γ. Denote by Γ * (resp. Γ * ) the set of conjugacy classes (resp. irreducible characters) of Γ. The twisted hyperoctahedral group H n acts on Γ n by permuting the factors:
The wreath product HΓ n is the semi-direct product of Γ n by H n with the multiplication:
HΓ n is a double cover of the wreath product HΓ n . In the following we use the notations in [5] for HΓ n . For a subset I = {i 1 , · · · , i m } of {1, · · · , n}, we denote a I = a i 1 a i 2 · · · a im ∈ H n . Clearly the homomorphism θ n : H n −→ H n sends t i to s i and a I to b I = b i 1 · · · b im , where b i (i = 1, · · · , n) are the generators of Z n 2 . We recall that a partition λ of n is a summation of decreasing positive integers λ i called parts such that i λ i = n. λ is called a strict partition if all parts λ i are distinct. We also use the notation λ = (1 m 1 (λ) 2 m 2 (λ) · · · ) for the partition λ, where m k (λ) is the multiplicity of k in the parts λ i 's.
It is well-known that the set SP n of strict partitions of n is one-to-one correspondent to the set OP n of partitions of n by odd integers.
The conjugacy classes of HΓ n are parametrized by a pair of partitionvalued functions. For a cycle σ = (i 1 · · · i m ) ∈ S n , the supp(σ) is defined to be {i 1 , · · · , i m }. For (g, b I σ) ∈ HΓ n , the element b I σ can be uniquely written (up to order) as a product
For each c ∈ Γ * , let m
be the number of k-cycles of a permutation such that its singed cycle-product lies in the conjugacy class c. For each c ∈ Γ * , set
which are partitions indexed by c ∈ Γ * . Then
are two signed partition valued functions on Γ * . Moreover, ρ = (ρ + , ρ − ) defines a pair of partition valued functions on Γ * with l(ρ) = l(ρ + ) + l(ρ − ) and ||ρ + || + ||ρ − || = ||ρ||. It is proved [5] that the conjugacy classes of HΓ n are indexed by pairs of partition valued functions ρ = (ρ + , ρ − ) such that ||ρ|| = n. In particular, ρ = (ρ + , ρ − ) is called the type of the element (g, b I σ) ∈ HΓ n . Two elements of HΓ n are conjugate if and only if they have the same type. We write C ρ + ,ρ − for the corresponding conjugacy class of (g, b I σ). Furthermore, a conjugacy class C ρ + ,ρ − is called even or odd if the cardinality |I| is even or odd. Thus the general element of HΓ n is of the form
Let P n (Γ * ) denote the set of partition valued functions of n on Γ * . Let OP n (Γ * ) (resp. SP n (Γ * )) be the subset of P n (Γ * ) such that each part is odd (resp. every partition is strict). For i = 0, 1, let SP i n (Γ * ) = {ρ ∈ SP n (Γ * )|i = (n − l(ρ)) mod 2}. When Γ = 1, the partition valued functions become partitions, so we denote OP n , SP n and SP i n (i = 0, 1). Denote by D ρ + ,ρ − the inverse image in HΓ n of HΓ n -conjugacy class C ρ + ,ρ − under the homomorphism θ n . For any x ∈ C ρ + ,ρ − , if x is conjugate to α 3 x then D ρ + ,ρ − is also a HΓ n -conjugacy class; Otherwise, D ρ + ,ρ − splits into two such classes, in this case C ρ + ,ρ − (D ρ + ,ρ − ) is called a split conjugacy class in HΓ n ( HΓ n ). It is easy to know that only split conjugacy classes of HΓ n can support nonzero spin character values.
The conjugacy class C ρ + ,ρ − in HΓ n splits into two conjugacy classes if and only if
(1) when C ρ + ,ρ − is even, we have ρ + ∈ OP n (Γ * ) and ρ − = ∅.
(2) when C ρ + ,ρ − is odd, we have ρ + = ∅ and ρ − ∈ SP 1 n (Γ * ).
In view of Prop. 3.1, when C ρ + ,ρ − is split, we can simply denote
Consequently the order of the centralizer of an element in D ρ of HΓ n is given by
and ζ c is the order of the centralizer of an element in conjugacy class c of Γ. For convenience, we also denote
Character formulas for A n and B n
A spin representation of S n (resp. H n ) is an ordinary representation π of S n (resp. H n ) such that π(α 1 ) = −1 (resp. π(α 3 ) = −1). From superalgebra viewpoint Józefiak [8] computed the spin super-character values of H n based on [15] . A general discussion was given earlier in Morris and Jones [12] on spin characters. The foundation of all these works is Schur's theory [15] that most character values of the spin symmetric group S n are given by transition matrices between the basis of Schur's Q-functions Q λ and that of power-sum symmetric functions p µ in the subring of symmetric functions generated by the power-sums of odd degrees: p 1 , p 3 , . . .. For basic information on Schur's Q-functions, see Macdonald's classic monograph [9] . As the exceptional spin character values are not given by symmetric functions, we will compute them for H n in this section.
As a superalgebra A n is a direct product of finitely many simple superalgebras. For background materials on superalgebras, we refer the reader to [6] . Simple (complex) superalgebras have two types: (1) Type M , M (r|s) is the block 2×2 matrices with the main diagonal blocks are r×r-matrices and s × s-matrices. The degree zero part consists of diagonal blocks and degree one is formed by off-diagonal blocks. (2) Type Q, Q(n) is a block 2 × 2 matrices whose two main diagonals and off-diagonal are equal n × n-matrices. The Z 2 -grading is similar to that of type M . We will call an irreducible supermodule type M (resp. Q) if it corresponds to the simple superalgebra of type M (resp. Q).
The Clifford superalgebra C n is a simple superalgebra of type M (resp. Q) according to n even (resp. odd). Subsequently L n is a simple module of type M (resp. Q) if n is even (resp. odd).
Proposition 4.1. (Schur [15] ) (1) The irreducible A n -supercharacters are indexed by SP n . For ν ∈ SP n , the character ζ ν is completely determined by its values ζ α ν at the conjugacy class indexed by α ∈ OP n and (4.1)
where p(ν) is the parity of ν.
(2) The supercharacter ζ ν is of type M (resp. Q) when n − l(ν) is even (resp. odd).
Since B n ≃ C n⊗ A n and C n has only one simple supermodule L n , the irreducible super modules of B n are super tensor products L n⊗ V ν , ν ∈ SP n . Proposition 4.2. (Józefiak [7] ) (1) The irreducible supercharacters of B n are completely indexed by the strict partitions of n. For ν ∈ SP n , if l(ν) is even (resp. odd) then the corresponding supercharacter ξ ν is of type M (resp. Q).
(2) For each ν ∈ SP n , the supercharacter values are determined by
where [x] denotes the largest integer ≤ x.
Now we consider the relationship between characters of modules and super modules.
A spin representation π of S n (resp. H n ) is called of double spin or self-associate spin if π ∼ = (−1) sgn • π. Otherwise, π and π ′ := (−1) sgn • π are called a pair of associate spin representations. Here (−1) sgn is the onedimensional sign representation of S n (resp. H n ). The following correspondence between ordinary spin characters and super spin characters is crucial for our discussion.
First of all, if V is a super module, then χ V (x) = 0 for any element x of degree one. On the one hand, the character π of a spin super module of type M is also a double spin character by forgetting the super structure. If π is the character of an irreducible supermodule of type Q, then π = χ + + χ − , where χ ± are a pair of irreducible associate spin characters. Here
. For convenience, we denote the difference ∆(χ) = χ + − χ − , which can be used to recover the associate spin character from the character of the supermodule. In summary, for S n (or H n ) we can get the ordinary spin character values on even conjugacy classes from the supercharacter formulas of A n (or B n ). Moreover, a double spin character is fully determined by its values on even conjugacy classes or degree 0 elements (as it vanishes on degree 1 elements), while associate spin characters may have non-zero values on odd conjugacy classes or degree 1 elements.
On the other hand, if V is a double spin irreducible B n -module, then V can be naturally equipped with a B n -supermodule of type M as follows.
Here the latter is usually called the difference character of V [15] . We will extend this notation to the spin character of a super module of type M , when viewed as a character for the subalgebra of degree zero. Note that
and the action is induced from that of the ordinary module, i.e.
n . Moreover, any irreducible associate spin module can be realized this way.
Conversely, any irreducible supermodule U = U 0 ⊕ U 1 of type Q is of the form D(V ). In fact, let (−1) d : (x, y) → (x, −y) be the parity endomorphism of U . Then V = { Two nontrivial examples of the tower system {B n } for superalgebras were studied first in [1, 5] .
For two spin supermodules U and V of B m and B n , we define the super (outer)-tensor product U⊗V as a B m⊗ B n -supermodule by
where x ∈ B m and y ∈ B n are homogeneous elements. In particular, −1 of B m+n is identified with (−1, 1) or (1, −1) inside B m⊗ B n ֒→ B m+n . Then U⊗V is a spin B m⊗ B n -supermodule. Moreover, let U and V be irreducible supermodules for B m⊗ B n respectively, then (1) if both U and V are of type M , then U⊗V is a simple B m⊗ B nsupermodule of type M ; (2) if U and V are of different types, then U⊗V is a simple B m⊗ B nsupermodule of type Q; (3) if both U and V are of type Q, then U⊗V ≃ N ⊕ N for some simple B m⊗ B n -supermodules N and N of type M.
The simple summands of U⊗V in (3) are constructed as follows. Let H 1 (resp. H 2 ) be the endomorphism (−1) d for U (resp. V ). Then
Let − be the map N → N taking i to −i while keeping other part intact (like conjugation). Then α(x) : x → (−1) d(x) x establishes a degree 1 isomorphism from N to N as B m⊗ B n -supermodules.
Using the method of [4] it can be verified that this super tensor product satisfies the associativity. Then we can pass this to usual spin modules as follows. Let V be an irreducible spin module. If V is an irreducible double spin module, then V can be naturally given an irreducible supermodule structure of type M as described above (still denoted by the same symbol for the supermodule). If V is an irreducible associate spin module, then D(V ) = V ⊕ V ′ is an irreducible supermodule of type Q, and D(V ) 0 ≃ V as ordinary modules. The following useful result can be proved by a similar method to [6] , and we have added new values for later consideration of multi-products. Proposition 4.4. Let {B n } be a tower system of finite dimensional superalgebras. Let f and g be the spin characters afforded by an irreducible B m -module U and an irreducible B n -module V respectively. Let x = x 0 + x 1 ∈ B m , y = y 0 + y 1 ∈ B n .
(i) If both U and V are double spin, then the super tensor product U⊗V is irreducible both as a supermodule of type M and an ordinary double spin module for B m⊗ B n . In this case, f (x 1 ) = g(y 1 ) = f ⊛ g(x i , y 1−i ) = 0 and
(ii) If U is double spin and V is associate spin, then the super tensor product U⊗D(V ) is irreducible as a B m⊗ B n -supermodule of type Q and decomposes into U ⊛ V ⊕ (U ⊛ V ) ′ as an ordinary module, where (U ⊛ V ) ′ is the associated module of the irreducible module U ⊛ V . In this case, f (x 1 ) = f ⊛ g(x 1 , y 0 ) = 0 and the following identities hold.
(iii) If both U and V are associate spin, so they give rise irreducible super spin modules D(U ) and D(V ) of type Q. The super tensor product D(U )⊗D(V ) decomposes into W ⊕ W , where W is an irreducible B m⊗ B msupermodule of type M. Set W = U ⊛ V when it is viewed as an ordinary irreducible module (up to isomorphism). In this case, we have that
Let µ be a partition, and suppose
is an irreducible spin (ordinary) B µ i -module. Since the starred tensor product ⊛ is associative [6, 4] , V 1 ⊛ · · · ⊛ V s is a well-defined spin⊗B µ i -module. Let f i be the character of V i , and assume that the first r of them are irreducible double spin (corresponding to type M ) and the latter k = m − r are irreducible associate spin (corresponding to type Q). Then f 1 ⊛ · · ·⊛ f m is the character of an irreducible summand of the super tensor product
Note that V 1 ⊛ · · · ⊛ V m is only defined up to isomorphism. Repeatedly using Prop. 4.4, we obtain that
where Then e i are commutative idempotents, and L n is a simple super C n -module. Note that ξ i = ξ 2i−1 e i = 1 2 (ξ 2i−1 + √ −1ξ 2i ) (i = 1, · · · , r) generate an exterior algebra: {ξ i , ξ j } = 0 due to the fact that e i ξ 2i−1 e i = 0. For each ε = (ε 1 , · · · , ε r ) ∈ Z r 2 , define ξ ε = ξ
If n is even (resp. odd), then {ξ ε |ε ∈ Z r 2 } (resp. {ξ ε |ε ∈ Z r 2 } ∪ {ξ ε ξ n |ε ∈
n ), where ε = (ε 1 , · · · , ε r ) ∈ Z r 2 and ǫ ∈ Z 2 . Here c 2 n = −1. The following result computes the exceptional character values for B n .
n , let ξ ν be the corresponding spin supercharacter of B n . When l(ν) is odd, ξ ν can be decomposed into two associate ordinary spin characters ξ ± ν of H n . Moreover, (ξ ± ν )(∅, µ) = 0 for µ = ν ∈ SP 1 n and for µ = ν,
where m is the number of odd parts in ν.
Proof. We prove the formula by induction on l(ν). We first consider the case ν = (n). Case (1). If n is odd, L n is of type Q and ζ ν is of type M . This is not a special case of the formula, but we need to compute the difference character for the inductive procedure. The element
, and super tensor product we obtain that
Therefore, the value of ξ
As the coefficient of 1 in
On the other hand, δ(ζ ν )(ς ν ) = ( √ −1) (n−1)/2 √ n (note n is odd). So we get the difference of the character is equal to
n and its preimage equals to
which is a product of an even element and an odd element. Note that
and it is of type M due to n being even. Since ξ (n) is of type Q, so ξ
Next, suppose ν = (ν 1 , ν 2 , · · · , ν l ) is any strict partition of n with odd l = l(ν), say ν 1 , · · · , ν m are odd and ν m+1 , · · · , ν l are even, then by (4.5-4.6) it follows that 
(4.17)
For ν ∈ SP n , we have that ξ + ν (α) = 2
n , where m is the number of odd parts in ν. A spin class function on HΓ n is a function f : HΓ n −→ C such that f (zx) = −f (x). Let R( HΓ n ) be the space of complex-valued spin class functions on HΓ n . The usual bilinear form is defined by 18) where f, g ∈ R( HΓ n ).
A spin super class function φ on HΓ n is a spin class function such that it vanishes further on odd strict conjugacy classes. Let R − ( HΓ n ) be the C-span space of spin super class functions on HΓ n . It is easy to see that the spin super-characters of HΓ n form a C-basis of R − ( HΓ n ). The standard bilinear form on R − ( HΓ n ) is given by (4.19)
where φ, ϕ ∈ R − ( HΓ n ).
Spin characters of HΓ n .
Wang and the second author [5] used the vertex operator calculus to compute spin characters of all simple HΓ n -supermodules. In terms of our current discussion this means that the ordinary irreducible spin character values of HΓ n at even conjugacy classes are determined by transition matrix between generalized (or more generally wreath product) Schur Q-functions and power-sum symmetric functions. Moreover, if χ is an irreducible spin character of HΓ n then χ, χ OPn(Γ * ) = 1, χ, χ SP In the following we will compute the values of the associate spin characters at odd strict conjugacy classes, which are not given by the theory of symmetric functions or vertex operator calculus (see table 1) Let U γ be the irreducible Γ-module afforded by the irreducible character γ ∈ Γ * . For each strict partition ν of n let V ν be the corresponding irreducible spin H n -supermodule afforded by the spin super character ξ ν . Now let λ = (λ γ ) γ∈Γ * to be a partition valued function on Γ * , we recall the following result which describes the corresponding simple supermodule of HΓ λ .
Proposition 5.1. [5] For each strict partition valued function λ = (λ γ ) γ∈Γ * ∈ SP n (Γ * ), the tensor product
] copies of an irreducible spin HΓ λ -supermodule W λ , where m denotes the number of the partitions λ γ such that l(λ γ ) is odd. Then the induced supermodule Ind HΓn HΓ λ W λ is the irreducible spin HΓ nsupermodule indexed by λ, and it is of type M or Q according to l(λ) is even or odd.
For a partition valued function λ, letλ be the underlying partition. For
where m λx is the number of odd parts in λ x . For each strict partition λ γ let ξ λγ be the corresponding irreducible spin super-character of H |λγ| .
It follows from Proposition 5.1 that the irreducible super-character
The induced character χ λ = Ind 
For brevity a partition-valued function inside [γ] is usually written as ρ γ . Now suppose ρ = (ρ c ) c∈Γ * ∈ SP 1 n (Γ * ) is an odd strict partition-valued function and λ γ ∈ SP |λγ | (Γ * ) with l(λ) being odd. Then we have
The following theorem gives the irreducible associate spin character values at conjugacy classes indexed by odd strict partition-valued functions for HΓ n . Note that we will show that there is only one left coset T of HΓ λ in HΓ n such that (g, a I s)T = T . Suppose there are K ρ such cosets. It follows from Prop. 5.1 that (as l(λ) is odd, so |J λ | is odd) (ii) The first case: if ρ can not be decomposed into ∪ γ∈Γ * (ρ γ ) such that ρ γ ∈ SP |λγ| (Γ * ), then we have χ + λ (D + ρ ) = 0. So we can assume that ρ = ∪ γ∈Γ * (ρ γ ) such that ρ γ ∈ SP |λγ | (Γ * ) and χ + λ (D + ρ ) = 0. (1) When ρ γ ∈ OSP |ρ γ| (Γ * ) for γ ∈ J ′ λ , we claim that ρ γ ∈ [λ γ ] for γ ∈ J λ . In fact, let S be the set of conjugacy classes ρ such that ρ = ∪ γ∈Γ * (ρ γ ). It is easy to see that if ξ λγ (t ργ ) is nonzero then ρ γ must be in OSP |λγ | (Γ * ) := OP |λγ | (Γ * ) ∩ SP |λγ| (Γ * ) for γ ∈ J (2) If ρ γ / ∈ OSP |λγ | (Γ * ) for γ ∈ J ′ λ , then there exists one ρ γ not in OP |λγ | (Γ * ) for γ ∈ J ′ λ . Meanwhile, since ξ λγ is a double spin character when γ ∈ J ′ λ , it is known that it only has nonzero values at even conjugacy classes (i.e. in OP n (Γ * )). Hence we have ξ λγ (t ργ ) = 0, therefore χ + λ (D ± ρ ) = 0. With this result we have determined all remaining character values of the spin characters for HΓ n .
